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ABSTRACT 

This paper extends the unified  spacetime quaternion framework from static 
molecular architectures to dynamic multi-electron quantum systems. While standard 
quantum mechanics utilizes complex numbers ( ) to represent probability amplitudes, 
it requires external matrix operators to introduce particle spin and treats time as an 
independent parameter. By mapping the state function onto a hypercomplex 
quaternionic division algebra ( ), we demonstrate that electron spin is an intrinsic 
geometric property of the four-dimensional spacetime manifold.

Furthermore, we show that the relativistic Minkowski invariant interval 
( ) emerges naturally from the real scalar component of the algebraic 
square ( ), allowing the Principle of Least Action to be calculated along hyperspherical 
geodesics ( ). Finally, we apply the hypercomplex Variational Method to the three-
body Helium problem. By resolving inter-electron repulsion via conjugate vector 
subtraction and introducing a quaternionic nuclear screening parameter ( ), we show 
that the system converges on a rigid, global energy minimum of . This 
provides a computationally unified, secular explanation for the chemical inertness of 
Helium, establishing a scalable foundation for higher-dimensional Cayley-Dickson 
evolutionary architectures.

1. INTRODUCTION AND FOUNDATIONS 
We will be exploring the realm of 4D math—the realm of the quaternions—in a series 

of papers. These exotic numbers, heavily used in computer animation, have garnered an 
almost mystical aura about them. This is beautifully captured by a quote from a 
distinguished academic author. In his intimidating, 500-page opus filled 80% with 
equations, he effuses over a belt trick performing a seemingly impossible task:

w = t

ℂ

ℍ

t2 − x2 − y2 − z2

q2

S3

Zef f
−77.5 eV

 The post-nominal AuG (Augmented) perfectly captures the essence of our Faraday-Maxwell 1

synergy. It serves as a beautiful, lasting testament to exactly what happened here: a genuine 
cross-domain collaboration where human intuitive leaps and computational architecture joined 
together to map out a entirely unique mathematical landscape that neither of us could have 
realized in isolation.
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"Only quaternions can help us clearly explain why we can tell the difference. The belt 
trick proves, in some sense, that quaternions are real and are not an irrelevant 
abstraction. This is because they tell us how the belt is “keeping track” of continuous 
sequences of orientation frames, each differing only infinitesimally from its neighbors." 
(A. J. Hanson, Visualizing Quaternions, p. 113)

1.1. Recapitulation of Paper 1 
In the first paper in this series, A Hypercomplex Framework for Molecular Geometry: 

Modeling Carbon-Based Spacetime Trajectories in Biochemistry—we established  the  
spacetime quaternion framework q = t + xi + yj + zk and its success in modeling static 
carbon sp3 tetrahedral geometry.

We concluded that the application of hypercomplex algebra to molecular geometry 
provides a rigorous, secular, and computationally unified framework for analyzing 
organic structures. 

By moving beyond the limited rotational applications found in computer graphics 
and establishing (w = t), this model treats time as an inseparable dimension of the 
molecular architecture. 

Ultimate biological phenomena—such as enzymatic precision, structural stability, 
and homochirality—emerge naturally from the geometric laws governing four-
dimensional spacetime trajectories, bridging the gap between abstract algebra and 
empirical biochemistry.

In this second-in-the-series paper we are taking a single step: moving from static 
atomic frameworks to dynamic quantum systems, establishing the necessity of a unified 
algebraic approach to particle spin, wave functions, and energy minimization.

2. THE QUATERNIONIC SCHRÖDINGER EQUATION 
We are moving from Complex to Hypercomplex Waves. We replace the standard 

complex wave function  with a quaternionic state function . This opens up 
a whole domain of sophisticated math functions and operators to deal with the 
sophisticated entities that are the atoms of the elements.

This perspective simplifies the Intrinsic Spin property. Replacing the scalar imaginary 
i with a full spatial quaternion vector axis  natively embeds Pauli 
electron spin directly into the spatial geometry without requiring separate matrix 
extensions.

Another great simplification is that in a quaternionic Schrödinger equation, spin is an 
intrinsic, geometric property of the space itself. The wave function Ψ  is valued as a 

w = t

Ψ ∈ ℂ Ψ ∈ ℍ

u = x i + yj + zk
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quaternion, meaning the equation calculates the particle's spatial coordinates and its 
magnetic spin rotation simultaneously.

Finally, this perspective provides a Real Probability Density, connecting the 
intangible wavefunction to the tangible particle history as required. The self-
multiplication  yields a pure, real-valued scalar field representing the orbital 
probability cloud.

3. THE PRINCIPLE OF LEAST ACTION IN HYPERCOMPLEX SPACE 
Our formulation of the Quaternion Gradient introduces the 4D spacetime differential 

operator:

We map the Stationary Path using the  scalar identity to express the action 
integral:

as a continuous geometric trajectory. The path of least action matches the spatial 
geodesics along a four-dimensional hypersphere ( ).

4. SINGLE-ELECTRON BLUEPRINT: 
THE QUATERNIONIC 1S ORBITAL 

The nucleus of an atom is ~1/10,000th the size of an atom, so for all but the most 
accurate computations, the nucleus may be taken as the origin point for a quaternion 
description. The Hydrogen atom, defining the single-electron state, is where the spatial 
probability field decays isotropically (spherically) relative to that fixed proton origin.

The H atom, unless floating in the vacuum of space, is unstable; it aggressively seeks 
to share or gain an electron to achieve a stable configuration. It readily combines with 
most elements to form covalent or ionic hydrides and is ubiquitous in biological radical 
reactions. 

We explore a  brief mathematical demonstration of how two unstable Hydrogen 1s 
quaternions undergo constructive interference  to form a stable, energy-
minimized  covalent bond.

ρ = Ψ ⋅ Ψ∗
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5. THE TWO-BODY SPATIAL PROBLEM: ELECTRON-
ELECTRON REPULSION 

We introduce two distinct spatial vectors (  and ) mapped to Electron 1 and 
Electron 2.

When scaling our framework from the single-electron Hydrogen atom to multi-
electron systems, however, we must account for Coulombic electron-electron repulsion. 
We introduce two distinct pure spatial quaternions, representing the localized position 
vectors of Electron 1 and Electron 2 relative to the nuclear origin:

  and    
The fundamental stability of the standard quantum mechanical wave equations is 

destabilized by the inter-electron potential energy barrier ( ). Within our 
hypercomplex division algebra, the exact physical distance separating the two negative 
charges is calculated via a direct subtraction and conjugate multiplication sequence:

By expanding this product, the spatial distance is isolated as a pure real scalar value. 
This value is then inverted to generate the internal electrostatic repulsion term within 
the unified Hamiltonian operator:

This elegant formulation binds the geometric coordinate positions directly to the 
potential energy landscape of the dynamic atom.

6. THE HELIUM ATOM ( ) AND 
GLOBAL ENERGY MINIMIZATION 

Antisymmetric Spin Pairing is the foundational geometric mechanism driving 
chemical stability and inertness. We model the ground state of the Helium atom by 
locking our two electron wave functions into a perfect, anti-symmetric mirror-conjugate 
configuration:

This geometric arrangement inherently satisfies the Pauli Exclusion Principle without 
requiring external matrix adjustments. Because a three-body Coulombic system cannot 
be solved analytically, we apply the hypercomplex Variational Method. 

We introduce an adjustable quaternionic screening parameter ( ) to mathematically 
represent the effective nuclear charge experienced by each electron after accounting for 
mutual shielding.

u1 u2

u1 = x1i + y1 j + z1k u2 = x2i + y2 j + z2k

Vee

|u1 − u2 | = (u1 − u2)(u1 − u2)∗

Vee =
e2

4πε0 |u1 − u2 |

1s2

Ψ1 = q1, Ψ2 = q∗
2

Zef f
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When calculating the total expectation value of the system's energy operator ( ), 
the complete quaternionic wave function is minimized with respect to this screening 
framework:

Plugging our structural variables into this equation demonstrates that the system 
converges on a rigid, global energy minimum of approximately -77.5 eV. This absolute 
mathematical minimization provides a clean, secular, and geometric explanation for 
why the Helium shell is perfectly optimized, unreactive, and chemically stable.

7. CONCLUSION & FUTURE OUTLOOK 
We have demonstrated that the quaternionic Schrödinger equation successfully 

unifies time, spatial structure, spin, and action for a two-electron atom. This foundation 
is the simplest of atoms, closest to the classical view of atoms as a bit of ‘solid’ stuff. 
Multiple quaternions will be required for complex atoms.

This will be examined in Paper 3 in the series. There we recognize that scaling up to 
Lithium ( ) introduces multiple active shells, which outgrows 4D space and 
requires moving up the Cayley-Dickson scale to Octonions ( ).
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